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C. Namoijam (NTHU) Special values of Goss L-functions January 18, 2022 1 / 19



Overview

1 Classical case

2 Goss L-functions and results

C. Namoijam (NTHU) Special values of Goss L-functions January 18, 2022 2 / 19



Section 1

Classical case
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L-functions

The Riemann zeta function ζ(s) is given by

ζ(s) =

∞∑
n=1

1

ns
, where s ∈ C satisfying ℜ(s) > 1.

When s is a positive integer, ζ(2s) is transcendental over Q.

When s ∈ Z≥2, it is expected that ζ(s) is transcendental over Q.
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Let E be an elliptic curve defined over Z. For a prime p ∈ Z, let Ep
denote the reduction of E modulo p.

Set ap := p+ 1−#E(Fp), and
define the polynomial Lp(X) ∈ Z[X] given by

Lp(X) :=


1− apX + pX2 if E has good reduction at p

1−X if E has split mult. reduction at p

1 +X if E has nonsplit mult. reduction at p

1 if E has additive reduction at p

.

For any s ∈ C with ℜ(s) > 3/2, we define the L-function L(E, s) of E by

L(E, s) =
∏
p

Lp(p
−s)−1.

where the product runs over all prime numbers.

Bloch and Beilinson calculated the value of L(E, 2) for particular
elliptic curves, and Beilinson and Deligne gave explicit conjectures
about the special values of L(E, s).

Transcendence of special values of L(E, s) over Q is not known.
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Section 2

Goss L-functions and results
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Notation

Fq := finite field, with q a power of a prime p

A := Fq[t], the polynomial ring in the variable t over Fq
A := Fq[θ], the polynomial ring in the variable θ over Fq
A+ := the set of monic polynomials of A

K := Fq(θ), rational functions in the variable θ over Fq
K∞ := Fq((1/θ)), the completion of K with respect to the fixed absolute

value | · |∞ at the infinite place normalized so that |θ|∞ = q

C∞ := completion of an algebraic closure of K∞

K := algebraic closure of K inside C∞
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For any a ∈ C∞ and i ∈ Z, we define

τ i(a) := a(i) := aq
i
.

Let m, ℓ ∈ Z≥1. For a matrix B = (bj,k) ∈ Matm×ℓ(C∞), we set

B(i) = (b
(i)
j,k).

Define the non-commutative polynomial ring L[τ ] subject to the
condition

τc = c(1)τ, c ∈ L.

We let Matm×ℓ(L)[τ ] be the set of polynomials of τ with coefficients
in Matm×ℓ(L).

When m = ℓ, define the ring Matm(L)[[τ ]] of power series of τ with
coefficients in Matm(L) := Matm×m(L) subject to the condition

τB = B(1)τ, B ∈ Matm(L).

Also let Matm(L)[τ ] ⊂ Matm(L)[[τ ]] to be the subring of
polynomials of τ .
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Let R be an A-subalgebra of C∞. A Drinfeld A-module ϕ defined over R of rank
r is an Fq-algebra homomorphism ϕ : A→ R[τ ] defined by

ϕ(t) := θ + c1τ + · · ·+ crτ
r, cr ̸= 0.

We say that a Drinfeld A-module φ defined over A is isomorphic to ϕ over
K if there exists c ∈ K× we have

cφ(t) = ϕ(t)c.

Let φ be given by
φ(t) := θ + b1τ + · · ·+ brτ

r,

where b1, . . . , br ∈ A, br ̸= 0.

For an irreducible polynomial β ∈ A+, let Fβ denote the field A/(β), and let
φ be the Drinfeld A-module given by reduction modulo β,

φ(t) = θ + b1τ + · · ·+ br0τ
r0 , br0 ̸= 0.

We say that ϕ has good reduction at β if there exists a Drinfeld A-module φ
defined over A and isomorphic to ϕ such that r0 = r.
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Let Fsep
β be a fixed separable closure of Fβ. Let v ∈ A be an

irreducible polynomial, and let v|t=θ = v ∈ A. Suppose that v ̸= β.
Define

φ[vn] := {f ∈ φ(Fsep
β ) |vn · f = 0}.

Define the v-adic Tate module of φ by

Tv(φ) := lim←−φ[v
n].
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Let S be the set of primes in A+ where ϕ does not have good
reduction.

For β /∈ S prime, let Pβ(x) be the characteristic polynomial of the
qdegθ(β)-th power Frobenius map τdegθ(β) on the Tate module Tv(φ).
Pβ(x) does not depend on v and Pβ(x) ∈ A[x].
For β /∈ S prime, let

Qβ(x) = xrPβ(1/x)

be the reciprocal polynomial of Pβ(x).
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The Goss L-function corresponding to ϕ is defined as

L(ϕ, s) := αϕ,s

∏
β/∈S,β∈A+

β prime

Qβ(β
−s)−1, s ∈ Z.

Here αϕ,s is the product of local factors
∏

f∈S Q
′
f (f

−s)−1, and is an

element of K× due to Gardeyn.

For example, if ϕ is the Carlitz module C, that is Ct = θ+ τ , then for n ≥ 2
the Carlitz zeta values at n− 1 is

L(C, n) =
∑
a∈A+

1

an−1
∈ K∞,

and Yu proved that L(C, n) is transcendental over K.
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Theorem (Gezmiş-N., 2021)

Let n be a positive integer and ϕ be a Drinfeld A-module defined over K.
Then, L(ϕ, n) is transcendental over K.
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Definition

Let L be a subfield of C∞. A t-module of dimension s ∈ Z≥1 defined over
L is a tuple G = (Gs

a/L, ψ) consisting of the s-dimensional additive
algebraic group Gs

a/L over L and an Fq-algebra homomorphism

ψ : A→ Mats(L)[τ ] given by

ψ(t) = A0 +A1τ + · · ·+Amτ
m

for some m ∈ Z≥0 so that dψ(t) := A0 = θ Is+N where Is is the s× s
identity matrix and N is a nilpotent matrix.

Set Lie(G)(L) := Mats×1(L) and equip it with the A-module structure
given by

t · x := dψ(t)x = A0x, x ∈ Lie(G)(L).

Also define G(L) := Mats×1(L) whose A-module structure is given by

t · x := ψ(t)x = A0x+A1x
(1) + · · ·+Amx

(m), x ∈ G(L).
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t · x := ψ(t)x = A0x+A1x
(1) + · · ·+Amx

(m), x ∈ G(L).
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There exists a unique infinite series
ExpG :=

∑
i≥0 αiτ

i ∈ Mats(L)[[τ ]] satisfying α0 = Is and

ExpG dψ(t) = ψ(t) ExpG .

It defines an everywhere convergent function
ExpG : Lie(G)(C∞)→ G(C∞), the exponential function of G, given
by ExpG(x) =

∑
i≥0 αix

(i) for any x ∈ Lie(G)(C∞).

We set the A-module ΛG := Ker(ExpG) ⊂ Lie(G)(C∞), and a
non-zero element of ΛG is called a a period of G.
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Recall ϕ the Drinfeld A-module defined over K defined by

ϕ(t) = θ + c1τ + · · ·+ crτ
r, where cr ̸= 0.

For n ≥ 1, let Gn := (Grn+r−1
a/K , ϕn) be the t-module given by

ϕn(t) := θ Idrn+r−1+N + c−1
r Eτ,

where

N :=


0 ··· 0 1 0 ··· 0
. . .

. . .
. . .

...
. . .

. . .
. . . 0

0 ··· 0 1
0 ··· 0

. . .
...
0

 , E :=



0 ··· ··· ··· ··· ··· 0
...

...
0 0
1 0 ··· ··· ··· ··· 0

−cr−1 cr
. . .

...
...

. . .
. . .

...
−c1 0 ··· cr 0 ··· 0

 .

Here, the last r-rows of N contain only zeros.
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There exist vectors b1, . . . , br ∈ Lie(Gn)(K∞) so that ExpGn
(bi) ∈ Gn(A)

for each 1 ≤ i ≤ r such that if we set

bi := [bi,1, . . . , bi,rn+r−1]
T

and consider

R :=

 b1,rn . . . br,rn
...

...
b1,rn+r−1 . . . br,rn+r−1

 ∈ GLr(K∞),

then L(ϕ, n+ 1) = cdet(R) for some c ∈ K \ {0}
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Proving our result is now equivalent to proving the following theorem.

Theorem (Gezmiş-N., 2021)

Let m ≥ 1. For 1 ≤ ℓ ≤ m, let yℓ = [yℓ,1, . . . , yℓ,rn+r−1]
T ∈ Lie(Gn)(C∞)

be such that ExpGn
(yℓ) ∈ Gn(K). If

Yn := f(y1,rn, . . . , y1,rn+(r−1), . . . , . . . , ym,rn, . . . , ym,rn+(r−1)) ̸= 0

for some non-constant polynomial f ∈ K[X1, . . . , Xrm], then it is
transcendental over K.

We prove this using Chang’s and Papanikolas’s method, and Papanikolas’s
transcendence theory.
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THANK YOU!
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